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KA¨HLER MANIFOLDS WITH NEGATIVE k-RICCI
CURVATURE
MAN-CHUN LEE1 AND LUEN-FAI TAM2
Abstract. In this work, we study compact Ka¨hler manifolds with negative
k-Ricci curvature where k is integer in between 1 and n. We prove that if in
addition its Ricci curvature or holomorphic sectional curvature is bounded
from above by a small positive constant, then the manifold is projective
with ample canonical line bundle.
1. Introduction
In this work, we are interested in the study of compact Ka¨hler manifolds with
negative k-Ricci curvature, which is defined as follows (see [19] for example):
Let (Mn, h) be a Ka¨hler manifold with Ka¨hler form ω and curvature tensor
R. For a point p ∈M , let U be a k-dimensional subspace of T 1,0p (M) and R|U
be the curvature tensor restricted to U . Then the k-Ricci curvature Rick,U on
U is defined to be the trace of R|U . That is
Rick,U(X, Y ) = trhR(X, Y , ·, ·)
for X, Y ∈ U where the trace is taken with respect to h|U , which is denoted by
h again for simplicity. One can see that 1-Ricci curvature basically coincides
with the holomorphic sectional curvature H and n-Ricci curvature is the Ricci
tensor Ric of M . So k-Ricci curvature can be regarded as an interpolation
between H and Ric of M . Moreover, an example by Hitchin [5] showed that
H and Ric are independent to each other when n ≥ 2. We say that k-Ricci
curvature is bounded above by λ with λ being a constant, denoted by Rick ≤ λ,
if Rick,U ≤ λω|U on any k-dimensional subspace U of T 1,0(M) at every point.
Rick < λ, Rick ≥ λ and Rick > λ are defined analogously.
There are many results on compact Ka¨hler manifolds with Rick > 0 recently.
In [27], Yang proved a conjecture of Yau [33] that a compact Ka¨hler manifold
with Ric1 > 0, i.e. positive holomorphic sectional curvature, must be projec-
tive and rationally connected, see also [6]. In [18], Ni proved that this is also
true if Rick > 0 for some 1 ≤ k ≤ n, which generalizes the result of Yang (for
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k = 1) and the result of Campana [2] and and Kolla´r-Miyaoka-Mori [12] (for
k = n) on Fano manifolds because of the well-known theorem of Yau [32]: any
Fano manifold supports a Ka¨hler metric with positive Ricci curvature. For
more related works, we refer interested readers to [6, 17, 28, 30] and references
therein.
Given the great success on the positive side, it is natural to ask what one
can say if Rick < 0. By a celebrated result of Aubin [3] and Yau [32], if
Ricn < 0, i.e. the Ricci curvature of (M,h) is negative, then M supports a
Ka¨hler-Einstein metric with negative scalar curvature. For k = 1, Wu and
Yau [21] proved that if Ric1 < 0 which is equivalent to H < 0 and M is
projective, thenM also supports a Ka¨hler-Einstein metric with negative scalar
curvature. In particular, the canonical line bundle KM is ample. This has been
extended further by various authors. It is now known that Ka¨hler manifolds
with negative or quasi-negative holomorphic sectional curvature are projective
and have ample canonical line bundle [4, 20, 22]. For more related recent
works, we refer interested readers to [7, 8, 9, 15, 29] and the references therein.
In [19], Ni also established k-hyperbolicity on Ka¨hler manifolds with Rick < 0,
in the sense that any holomorphic map from Ck to a compact Ka¨hler manifold
with Rick < 0 must be degenerate somewhere.
In this work, we want to discuss the question on the existence of Ka¨hler-
Einstein metric under the assumptions that Rick < 0 for some 1 < k < n.
In fact, it was asked in [19] by Ni if a Ka¨hler manifold with negative 2-scalar
curvature (which is a consequence of Ric2 < 0) is projective.
One of our main results is the following:
Theorem 1.1. Suppose (Mn, h) is a compact Ka¨hler manifold with Rick(h) ≤
−(k + 1)σ for some σ > 0 and integer k with 1 < k < n. (i) The canonical
bundle of M is nef if
Ric ≤ (n+ 1)(k + 1)σ
k − 1 ; or H ≤
(n− 1)(k + 1)σ
n− k .
(ii) The canonical bundle of M is ample, M is projective, and M supports
a Ka¨hler-Einstein metric with negative scalar curvature if one of the above
inequalities is a strict inequality.
One can also prove that the upper bound of Ric in the above can also be
replaced by an upper bound of Ric⊥, which is defined as:
Ric⊥(X,X) = Ric(X,X)− R(X,X,X,X)|X|2
for a nonzero X ∈ T 1,0(M). In particular, the following holds.
Corollary 1.1. Suppose (Mn, h) is a compact Ka¨hler manifold with Rick < 0
for some integer k with 1 ≤ k ≤ n where n is the complex dimension of M . If
in addition we have either Ric ≤ 0, Ric⊥ ≤ 0 or H ≤ 0, then M is projective
with ample canonical line bundle.
3For results concerning Ric⊥ > 0, we refer interested readers to [16].
In fact, we are going to study the properties of the canonical bundle and the
existence of Ka¨hler-Einstein metrics under the more general assumption that
α|X|2Ric(X,X) + βR(X,X,X,X) ≤ −λ|X|4
for some α, β, λ > 0. This kind of inequality will be satisfied if Rick ≤ −(k +
1)σ, see section 2 for more details. In the above inequality, we have Ric < 0
if β = 0 and H < 0 if α = 0. Hence results under this condition can be
considered as a generalization to the known cases that Ric < 0 or H < 0. We
will make use of the Ka¨hler-Ricci flow to study existence of Ka¨hler-Einstein
metric and hence the ampleness of canonical line bundle. Since the method is
analytic, all result concerning the Ka¨hler-Einstein metric can be generalized
to complete non-compact Ka¨hler manifolds with bounded curvature by using
Shi’s Ricci flow solution [24].
The paper is organized as follows: In section 2, we show that Rick < 0
implies an interpolation equation between H and Ric by adapting the Royden’s
idea [13] to Rick. In section 3, we will establish the existence time estimate
of the Ka¨hler-Ricci flow in term of evolution equation. In section 4, we will
give an existence estimate and convergence criteria of Ka¨hler-Ricci flow under
a general interpolation equation on H and Ric. In section 5, we will discuss
the projectivity on Ka¨hler manifolds with other curvature conditions.
2. On symmetric bihermitian forms
In this section we will prove some linear algebra results on symmetric biher-
mitian form on a Hermitian vector space. In particular, we will generalizes the
result of Royden [13] which gives some upper bound on the trace of bisectional
curvature in terms of an upper bound on holomorphic sectional curvature.
Let (V n, h) be a Hermitian vector space with Hermitian metric h. Let
S(X, Y , Z,W ) be a bihermitian form on V n, namely S(X, Y , ·, ·) and S(·, ·,W, Z)
are Hermitian forms for fixed X, Y or W,Z. Moreover, we assume that the
bihermitian form S satisfies the following symmetry:
(2.1)
{
S(X, Y , Z,W ) = S(Z, Y ,X,W );
S(X, Y , Z,W ) = S(Y,X,W,Z).
For a nonzero vector X ∈ V , we define the holomorphic sectional curvature
for S as
(2.2) HS(X) =
1
|X|4h
S(X,X,X,X),
the Ricci tensor for S as
(2.3) RicS(X, Y ) = trh(S(X, Y , ·, ·))
and the scalar curvature of S as
(2.4) S = trhRicS.
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For any k-dimensional subspace U of V , define the RicSk,U to be the Ricci
tensor for S|U . Note that RicSk,U depends also on the subspace U . We say that
RicSk ≤ λ for some λ ∈ R if for any X ∈ V and any k-dimensional subspace U
containing X , we have RicSk,U(X, X¯) ≤ λ|X|2h. The notion RicSk ≥ λ is defined
analogously. It is easy to see that RicSk is the holomorphic sectional curvature
if k = 1 and is the Ricci tensor for V if k = n.
First we will derive some relation under the assumption RicSk ≤ λ. We first
show that RicSk ≤ λ implies an equation relating RicS1 and RicSn .
Lemma 2.1. Suppose (V n, h) is a Hermitian vector space and S is a bihermi-
tian form on V satisfying (2.1). Suppose RicSk ≤ −(k + 1)σ for some integer
1 ≤ k ≤ n and σ ∈ R. Then for any X ∈ V , we have
(k − 1)|X|2h · RicS(X, X¯) + (n− k)S(X,X,X,X) ≤ −(n− 1)(k + 1)σ|X|4h.
Proof. First, we consider the case that σ = 0. Let 0 6= X ∈ V , by rescaling
we may assume |X| = 1. If k = 1 or n, the result holds trivially. Therefore we
will assume 2 ≤ k ≤ n− 1. Choose a unitary frame {ei}ni=1 such that X = e1.
For notational convenience, we use Sij¯kl¯ to denote S(ei, e¯j, ek, e¯l). Let I be a
subset of {2, . . . , n} such that |I| = k−1. Then there are Cn−1k−1 different choice
of I.
By assumption, for each I we have
(2.5) S11¯11¯ +
∑
j∈I
S11¯jj¯ ≤ 0.
For each i 6= 1, there are Cn−2k−2 different I containing i. Therefore by sum-
ming all possible I, we have
0 ≥
∑
I
(
S11¯11¯ +
∑
j∈I
S11¯jj¯
)
= Cn−1k−1S11¯11¯ + C
n−2
k−2
n∑
i=2
S11¯i¯i
=
(
Cn−1k−1 − Cn−2k−2
)
S11¯11¯ + C
n−2
k−2S11¯
= Cn−2k−2
(
n− k
k − 1S11¯11¯ + S11¯
)
.
(2.6)
The result for σ = 0 follows since X = e1.
For general σ, let S˜ = S + σB where
B(X, Y¯ , Z, W¯ ) = h(X, Y¯ )h(Z, W¯ ) + h(X, W¯ )h(Z, Y¯ ).
Then for any k-dimensional subspace U , one can check
RicS˜k,U(X, Y ) = Ric
S(X, Y ) + (k + 1)σh(X, Y ),
while
H S˜(X) = HS(X) + 2σ.
5By the assumption, we have RicS˜k ≤ 0 and hence
0 ≥(k − 1)h(X,X) · RicS˜(X,X) + (n− k)H S˜(X)
=(k − 1)h(X,X)·)RicS(X, Y ) + (n− k))HS(X)
+ ((n+ 1)(k − 1) + 2(n− k))σ|h(X,X)|2.
This completes the proof of the lemma. 
Now we adapt the trick of Royden [13] to deduce a relation on bisectional
curvature. Motivated by Lemma 2.1, we consider bihermitian form S such
that there is a real (1,1) form ρ satisfying the following:
(2.7) αh(X, X¯) · ρ(X, X¯) + βS(X, X¯,X, X¯) ≤ −λ|X|4.
for all X ∈ V 1,0 for some constants α, β, λ where α, β are positive.
Lemma 2.2. Suppose (V n, h) is a Hermitian vector space and S is a bi-
Hermitian form on V satisfying (2.1) and (2.7). If g is another Hermitian
metric on V , then we have:
2gij¯gkl¯Sij¯kl¯ ≤
1
β
(−λ(trg h)2 − α trg h · trg ρ)+ n∑
i=1
S(Ei, Ei, Ei, Ei)
where {Ei}nα=1 is an unitary frame with respect to g so that h is diagonal. Here
Sij¯kl¯ = S(Ei, E¯j, Ek, E¯l).
Proof. We follow closely the argument of Royden [13]. Let {Ei}ni=1 be a frame
such that g(Ei, Ej) = δij and h(Ei, Ej) = τiδij . Let ηA =
∑n
i=1 ε
A
i Ei where
(εAi ) ∈ Zn4 with Z4 being the finite group consisting of 4-th root of unity.
Note that for any A ∈ Zn4 , we have
h(ηA, η¯A) =
n∑
i,j=1
εAi ε
A
j h(Ei, Ej)
=
n∑
i=1
τi
= trg h.
(2.8)
Also since
∑
A∈Zn
4
εAi ε
A
j = 0 for all i 6= j, by symmetry we obtain∑
A∈Zn
4
ρ(ηA, ηA) =
∑
A∈Zn
4
n∑
i,j=1
εAi ε
A
j ρ(Ei, Ej)
= 4n
n∑
i=1
ρ(Ei, Ei)
= 4n trg ρ.
(2.9)
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Similarly, ∑
A∈Zn
4
S(ηA, ηA, ηA, ηA)
=
∑
A∈Zn
4
n∑
i,j,γ,δ=1
εAi ε
A
j ε
A
γ ε
A
δ S(Ei, Ej , Eγ, Eδ)
= 4n
∑
i 6=j
S(Ei, Ej , Ej, Ei) + S(Ei, Ei, Ej , Ej)
+ 4n
n∑
i=1
S(Ei, Ei, Ei, Ei)
= 4ngij¯gkl¯
(
Sij¯kl¯ + Sil¯kj¯
)− 4n n∑
i=1
S(Ei, Ei, Ei, Ei)
= 4n
(
2gij¯gkl¯Sij¯kl¯ −
n∑
i=1
S(Ei, Ei, Ei, Ei)
)
.
(2.10)
And, ∑
A∈Zn
4
|ηA|4h =
∑
A∈Zn
4
n∑
i,j,γ,δ=1
εAi ε
A
j ε
A
γ ε
A
δ h(Ei, Ej)h(Eγ, Eδ)
= 4n
∑
i 6=j
h(Ei, Ej)h(Ej, Ei) + h(Ei, Ei)h(Ej , Ej)
+ 4n
n∑
i=1
h(Ei, Ei)h(Ei, Ei)
= 4n
(∑
i 6=j
τiτj +
∑
i
τ 2i
)
= 4n(trg h)
2.
(2.11)
Apply (2.7) for each ηA and sum over A ∈ Zn4 , we conclude that
−λ(trg h)2 ≥ α trg h · trg ρ+ β
(
2gij¯gkl¯Sij¯kl¯ −
n∑
i=1
S(Ei, Ei, Ei, Ei)
)
.
From this the lemma follows. 
If we choose g = h, then we have the following relation on RicS and S under
the assumption RicSk ≤ −(k + 1)σ.
Lemma 2.3. Suppose (V n, h) is a Hermitian vector space and S is a bi-
Hermitian form on V satisfying (2.1) and RicSk ≤ −(k + 1)σ for some σ ∈ R
and n ≥ k > 1, then we have
(nk + n− k − 2)Sh + nRicS ≤ −n(n + 1)(n− 1)(k + 1)σh.
7Proof. As in the proof of Lemma 2.1, we may assume σ = 0 by considering
S+σB instead of S. Then S now satisfies the assumption of Lemma 2.2 with
α = k− 1, ρ = RicS, β = n− k and λ = 0. Hence Lemma 2.2 implies that for
g = h, we have
(2.12) (nk + n− 2k)S ≤ (n− k)
n∑
i=1
Si¯ii¯i
for any unitary frame {Ei}ni=1 of h.
For any X ∈ V with |X| = 1, we choose an unitary frame {Ei}ni=1 such
that X = E1. For each α 6= 1, let I be a subset of {1, . . . , n} such that
|I| = k − 2 ≥ 0 and excludes 1 and α. There are Cn−2k−2 different choice of I.
By assumption on RicSk , we have
(2.13) Si¯ii¯i ≤ −S11¯i¯i −
∑
j∈I
Sij¯j¯.
We first assume k > 2 so that I 6= ∅. By summing up over all possibility of
I, we have for i 6= 1 that
Cn−2k−2Si¯ii¯i ≤ −Cn−2k−2S11¯i¯i −
∑
I
∑
j∈I
Si¯ijj¯
= −Cn−2k−2S11¯i¯i − Cn−3k−3
∑
j 6=1,i
Si¯ijj¯.
(2.14)
If k = 2, then the inequality follows from the definition of RicS2 ≤ 0.
By summing up α, we obtain
n∑
i=1
Si¯ii¯i
≤ 2S11¯11¯ −
n∑
i=1
S11¯i¯i − k − 2n− 2
∑
2≤i,j≤n;i 6=j
Si¯ijj¯
= 2S11¯11¯ −
n∑
i=1
S11¯i¯i
− k − 2
n− 2
(
S −
n∑
i=1
Si¯ii¯i + 2S11¯11¯ − 2
n∑
i=1
S11¯i¯i
)
= −k − 2
n− 2S +
k − 2
n− 2
n∑
i=1
Si¯ii¯i +
2(n− k)
n− 2 S11¯11¯ +
2k − n− 2
n− 2 S11¯.
(2.15)
By applying Lemma 2.1 again, we deduce that
(n− k)
n∑
i=1
Si¯ii¯i ≤ −(k − 2)S + 2(n− k)S11¯11¯ + (2k − n− 2)S11¯
≤ −(k − 2)S − nS11¯.
(2.16)
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Substitute it back to (2.12), we have
(2.17) (nk + n− k − 2)S + nSXX¯ ≤ 0
since X = E1. This completes the proof as X is arbitrary unit vector. 
Remark 2.1. Along the same argument, it is easy to see that under RicSk ≥
(k + 1)σ, Lemma 2.1, 2.2 and 2.3 are still true with ≤ replaced by ≥.
As an immediate consequence, we have the following rigidity result.
Proposition 2.1. Suppose (M, g) is a compact Ka¨hler manifold such that
its curvature tensor Rm(g) satisfies Rick ≤ −(k + 1)σ for some σ ∈ R. If
[Ricg+(n+1)σω] is nef, then g has constant holomorphic sectional curvature.
Proof. By Lemma 2.3, we have Sg ≤ −n(n+1)σ. On the other hand, assump-
tion on the class implies
0 ≤
ˆ
M
Sg + n(n+ 1)σ dµg.(2.18)
And hence, Sg ≡ −n(n + 1)σ.
By Lemma 2.3 again, we have Ricg ≤ −(n + 1)σ. Since S = −n(n + 1)σ,
we conclude that Ricg ≡ −(n + 1)σ and hence Lemma 2.1 implies H ≤ −2σ.
As we have
S = n(n + 1)
2
 
Z∈T 1,0p M,|Z|=1
H(Z)dθ(Z)
by the Berger’s lemma. We conclude that H = −2σ. This completes the
proof. 
Remark 2.2. By the proposition and its proof, we can conclude that not flat
compact Ka¨hler manifold with nonnegative Ricci curvature cannot support
any Ka¨hler metric with Rick ≤ 0 for 1 ≤ k < n. In particular, any Fano
manifold will not support a Ka¨hler metric with Rick ≤ 0.
3. C0 estimates of Ka¨hler-Ricci flow
In this section, we will consider Ka¨hler manifold (M,h) with curvature R
satisfying (2.7) for ρ = Rich. We aim to find conditions on α, β and λ such
that M admits a Ka¨hler-Einstein metric. We make use of the Ka¨hler-Ricci
flow which is the one parameter family of Ka¨hler metrics satisfying
(3.1)
{
∂tg(t) = −Ric(g(t));
g(0) = h.
Since M is closed, the Ka¨hler-Ricci flow g(t) admits a short time solution.
In this section, we will estimate the existence time of the flow g(t) under the
assumption (2.7).
Let ω(t) be the Ka¨hler form associated to g(t). By considering
(3.2) ϕ(t) =
ˆ t
0
log
ω(s)n
ωnh
ds,
9we can rewrite the Ka¨hler-Ricci flow as a Monge-Ampe`re flow
ω(t) = ωh − tRic(ωh) +
√−1∂∂¯ϕ.
Before we proceed, we start with recalling some useful formulae.
Lemma 3.1. 
(
∂
∂t
−∆
)
ϕ˙ = − trg Ric(h);(
∂
∂t
−∆
)
(tϕ˙− ϕ− nt) = − trg h,
where ϕ˙ = ∂
∂t
ϕ.
Along the Ka¨hler-Ricci flow, it is well-known that the scalar curvature is
instantaneously bounded from below after it evolves.
Lemma 3.2. Let g(t), t ∈ [0, T ) be a complete bounded curvature solution to
the Ka¨hler-Ricci flow on M . Then the scalar curvature S(g(t)) satisfies
S(g(t)) ≥ − n
t+ σ
on M × [0, T ) where σ > 0 so that infM S(g(0)) ≥ −nσ−1. In particular,
(3.3) sup
M
log
det g
det h
= sup
M
ϕ˙(·, t) ≤ n log
(
t + σ
σ
)
.
Proof. Since g(t) has bounded curvature, this follows directly from maximum
principle and the evolution equation of S(g(t)), ( ∂
∂t
−∆)S = |Ric|2 ≥ 1
n
S2.
The upper bound of ϕ˙ follows from the fact that ∂tϕ˙ = −S(g(t)). 
The lemma gives an upper bound of (det g)/(deth). Next, we want to
estimate the upper bound of trg h. Combining these two bounds, one can
obtain C0 estimates along the Ka¨hler-Ricci flow. This in turns will give an
estimate of the existence time of the Ka¨hler-Ricci flow.
Proposition 3.1. Let (M,h) be a compact Ka¨hler manifold and g(t), t ∈
[0, Tmax) is a Ka¨hler-Ricci flow on M with initial metric g(0) = h and Tmax
denotes the maximal existence time of g(t). Suppose the trace quantity trg h
satisfies the following inequality,(
∂
∂t
−∆
)
(log trg h−Aϕ˙) ≤ B trg h
on M × [0, Tmax) for some constants A,B with A ≥ 0.
(i) If B = 0, then
log trg h(·, t) ≤ log n+ An log
(
1 + σ−1t
)
.
(ii) If B > 0,
log trg h(·, t) ≤ log n+ An log(1 + σ−1t) +Bnt, if 0 ≤ t ≤ AB ;
log trg h(·, t) ≤ Bn (t log (1 + σ
−1t) + t) + log n
1− n(Bt−A) , if
A
B
< t < 1
B
(A+ 1
n
).
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(iii) If B < 0, then
log trg h+ log t ≤ An log
(
t+ σ
σt
)
+ log
(
1
|B|(1 + An)
)
Proof. Suppose B = 0. Since log trg h+Aϕ˙ = log n at t = 0, by the maximum
principle, we have
log trg h ≤ log n+ Aϕ˙.
(i) follows from Lemma 3.2.
To prove (ii), By assumption and Lemma 3.1, the test function
F = log trg h−Aϕ˙+Bu
where u = tϕ˙− ϕ− nt satisfies
(3.4)
(
∂
∂t
−∆
)
F ≤ 0.
Therefore, maximum principle implies supM F (·, t) ≤ supM F (·, 0) = logn.
Equivalently, we have for all (x, t) ∈ M × [0, T0), if A−Bt ≥ 0, then
log trg h ≤ (A−Bt)ϕ˙ +Bϕ+Bnt+ logn
≤(A−Bt)n log
(
t + σ
σ
)
+B
ˆ t
0
n log
(
s+ σ
σ
)
ds+Bnt + log n
≤An log
(
t + σ
σ
)
+Bnt + log n.
(3.5)
If A− Bt < 0, then
(A− Bt)ϕ˙ =(Bt− A) log det h
det g
≤(Bt− A)n log trg h.
Hence
(1− n(Bt−A)) log trg h ≤B
ˆ t
0
n log
(
s+ σ
σ
)
ds+Bnt+ log n
≤Bnt log
(
t+ σ
σ
)
+Bnt + log n.
(3.6)
and therefore
log trg h ≤ 1
1− n(Bt− A)
(
Bnt log
(
t+ σ
σ
)
+Bnt+ log n
)
provided A
B
< t < 1
B
(A+ 1
n
).
To prove (iii), let
G = log trg h− Aϕ˙+ (1 + An) log t.
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Then (
∂
∂t
−∆
)
G ≤ B trg h+ 1 + An
t
.(3.7)
Since log t→ −∞ as t→ 0+, applying maximum principle on [0, T ] implies G
attains its maximum at (x0, t0) where t0 ∈ (0, T0]. At this point,
t0 trg h(x0, t0) ≤ − 1
B
(1 + An).
because B < 0. Hence,
sup
M×[0,T0]
G(x, t) ≤ G(x0, t0)
= (log trg h− Aϕ˙+ (1 + An) log t) |(x0,t0)
=
(
log trg h+ An log
(
det h
det g
)1/n
+ (1 + An) log t
)
|(x0,t0)
< (1 + An) (log trg h+ log t) |(x0,t0)
≤ log
(
− 1
B
(1 + An)
)
.
(3.8)
Letting T0 → +∞, we see that for all t > 1,
log trg h+ log t ≤ −An log t+ Aϕ˙ + log
(
− 1
B
(1 + An)
)
≤ An log
(
t+ σ
σt
)
+ log
(
− 1
B
(1 + An)
)
.
(3.9)

An an corollary of C0 estimate, we have the estimate of the existence time
of the Ka¨hler-Ricci flow g(t).
Corollary 3.1. Let (M,h) be a compact Ka¨hler manifold and g(t), t ∈ [0, Tmax)
is a Ka¨hler-Ricci flow on M with initial metric g(0) = h and Tmax denotes the
maximal existence time of g(t). Suppose the trace quantity trg h satisfies the
following inequality,(
∂
∂t
−∆
)
(log trg h−Aϕ˙) ≤ B trg h
on M × [0, Tmax) for some A,B with A ≥ 0. Then the following are true:
(i) If B = 0, then Tmax = +∞. In particular, KM is nef.
(ii) If B > 0, then Tmax ≥ 1
B
(
A+
1
n
)
.
(iii) If B < 0, then Tmax = +∞. Moreover, after rescaling g(t) will converge
to a Ka¨hler-Einstein metric with negative scalar curvature.
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Proof. If B = 0, then by Proposition 3.1(i), we conclude that trg h is uniformly
bounded onM×[0, Tmax). Together with Lemma 3.2 we conclude for any T <
∞, there is a constant C such that Ch ≤ g ≤ C−1h on M × [0, T ] ∩ [0, Tmax).
By [10, 11], we conclude that g(t) is uniformly bounded in any Ck(M,h) as
t → Tmax, see also [23] for a proof using maximum principle. Hence g(t)
converges to a smooth metric g(Tmax) as t → Tmax on M and hence the
Ka¨hler-Ricci flow can be extended beyond T . Therefore Tmax = +∞. The
canonical line bundle is nef by [26]. The case of (ii) can be proved similarly
using Proposition 3.1(ii) instead.
If B < 0, then we know that Tmax = +∞ by (i). Then the Ka¨hler form of
g(t) is
ω(t) = ω0 − tRic(ω0) +
√−1∂∂¯ϕ.
Hence by Proposition 3.1(iii)
Ric(ωh)− 1
t
√−1∂∂¯ϕ = 1
t
ωh − 1
t
ω(t) ≤ −εωh
for some ε > 0 provided t is large enough. This proved the ampleness of
canonical line bundle KM . The existence of Ka¨hler-Einstein metric follows
from the celebrated work of Aubin [3] and Yau [32] and the parabolic version
of Cao [1], after rescaling g(t) will converge to a Ka¨hler-Einstein metric with
negative scalar curvature. See also [14] for convergence in case of complete
solutions. 
4. Existence time, convergence of Ka¨hler-Ricci flow and Rick
Let (Mn, h) be a compact Ka¨hler manifold. In this section motivated by
partial negativity Rick < 0 and Lemma 2.1, we want to use Corollary 3.1 to
estimate the maximal existence time of Ka¨hler-Ricci flow with g(0) = h under
the condition
(4.1) αh(X,X) · Ric(h)(X,X) + βRh(X,X,XX) ≤ −λ|X|4
for some α, β > 0 and for some λ; together with one of the following conditions:
(4.2)
{
Ric(h) ≤ µω(h); or
H(X) ≤ µ
for some µ > 0. First we have the following:
Theorem 4.1. Let (M,h) be a compact Ka¨hler manifold. Suppose{
αh(X, X¯) ·Ric(h)(X, X¯) + βRh(X,X,X,X) ≤ −λ|X|4;
Ric(h) ≤ µ
for some α, β > 0, µ ≥ 0 and λ ∈ R. If Tmax is the maximal existence time of
the Ka¨hler-Ricci flow g(t) with initial metric h, then the following holds.
(a) If αµ+ λ < 0, then
Tmax ≥ 1|λ|(α+
1
n
).
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(b) If αµ+ λ ≥ 0, then{
Tmax = +∞, if
(
1− 1
n
)
αµ ≤ (1 + 1
n
)
λ;
Tmax ≥ (α+ 1n) ·
[(
1− 1
n
)
αµ− (1 + 1
n
)
λ
]−1
, if
(
1− 1
n
)
αµ >
(
1 + 1
n
)
λ.
In particular, if
(
1− 1
n
)
αµ ≤ (1 + 1
n
)
λ, then the canonical bundle
is nef. Moreover, if
(
1− 1
n
)
αµ <
(
1 + 1
n
)
λ, then M is projective
with ample canonical line bundle and g(t) will converge to the Ka¨hler-
Einstein metric with negative scalar curvature after rescaling.
Proof. By using the parabolic Schwarz Lemma in [25] which is a parabolic
version of the Schwarz Lemma by Yau [32] and Lemma 2.2 with S = R(h),
the curvature of h, and g = g(t), we have(
∂
∂t
−∆
)
log trg h ≤ 1
trg h
gij¯gkl¯Rij¯kl¯(h)
≤ 1
2β trg h
[−λ(trg h)2 − α trg h · trg Ric(h)]
+
1
2 trg h
n∑
i=1
Rh(Ei, Ei, Ei, Ei)
(4.3)
where {Ei}ni=1 is an unitary frame with respect to g(t) so that h is diagonal.
For notational convenience, we let Λ = trg h. Consider the test function
F = logΛ − Aϕ˙ where A is some constant to be determined later. Then
together with the assumption, we have
(
∂
∂t
−∆
)
F ≤− λ
2β
Λ+
(
A− α
2β
)
· trg Ric(h) + 1
2Λ
n∑
i=1
Rh(Ei, Ei, Ei, Ei)
≤− λ
2β
Λ+
(
A− α
2β
)
· trg Ric(h)
− 1
2Λβ
(
λ
∑
i
h2(Ei, Ei) + α
∑
i
h(Ei, Ei)Ric(h)(Ei, Ei)
)
.
(4.4)
If we choose A = α
β
, then
(
∂
∂t
−∆
)
F ≤ − λ
2β
Λ− λ
2Λβ
|h|2 + α
2βΛ
n∑
i=1
[
Ric(h)(Ei, Ei)
(
Λ− h(Ei, Ei)
)]
≤ − λ
2β
Λ− λ
2Λβ
|h|2 + αµ
2βΛ
(Λ2 − |h|2)
= Λ
(
αµ− λ
2β
)
− |h|
2
Λ
(
αµ+ λ
2β
)
.
(4.5)
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where |h| is the norm of h with respect to g. Since 1
n
Λ2 ≤ |h|2 ≤ Λ2, we have
(4.6)(
∂
∂t
−∆
)
F ≤

Λ
2β
[(
1− 1
n
)
αµ−
(
1 +
1
n
)
λ
]
, if αµ+ λ ≥ 0;
Λ ·
(
− λ
2β
)
, if αµ+ λ < 0.
Now we apply Corollary 3.1 to obtain estimate on Tmax.
Case (a): αµ+ λ < 0. Since α, µ ≥ 0, we must have λ < 0. Hence
Tmax ≥ 1|λ|(α+
1
n
).
Case (b): αµ + λ ≥ 0. In this case, if (1− 1
n
)
αµ ≤ (1 + 1
n
)
λ, then
Tmax = +∞. Moreover, if
(
1− 1
n
)
αµ <
(
1 + 1
n
)
λ, then after rescaling, g(t)
will converge to a Ka¨hler-Einstein metric with negative scalar curvature.
If
(
1− 1
n
)
αµ >
(
1 + 1
n
)
λ, then
Tmax ≥ (α + 1
n
) ·
[(
1− 1
n
)
αµ−
(
1 +
1
n
)
λ
]−1
.

Remark 4.1. Suppose the holomorphic sectional curvatureH(h) of h is bounded
by σ ≥ 0, then one can take −λ = αµ+ βσ so that
Tmax ≥ β
αµ+ βσ
(
α
β
+
1
n
)
.
This gives an existence time estimate under H(h) bounded from above.
Along the same spirit, we consider alternative conditions on h.
Theorem 4.2. Let (M,h) be a compact Ka¨hler manifold. Suppose{
αh(X, X¯) ·Ric(h)(X, X¯) + βRh(X,X,X,X) ≤ −λ|X|4;
H(h) ≤ µ
for some α, β > 0, µ ≥ 0 and λ ∈ R. If Tmax is the maximal existence time of
the Ka¨hler-Ricci flow g(t) with initial metric h, then
(a) If µβ > λ, then
Tmax ≥ 2β
µβ − λ
(
α
2β
+
1
n
)
.
(b) If µβ ≤ λ, then Tmax = +∞ and the canonical bundle is nef. If
in addition, µβ < λ, then M is projective with ample canonical line
bundle and g(t) will converge to a Ka¨hler-Einstein metric with negative
scalar curvature after rescaling.
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Proof. Analogous to the proof of Theorem 4.1, we consider the test function
F = log Λ − Aϕ˙ so that Schwarz Lemma [25] and Lemma 2.2 implies for
A = α
2β
,
(
∂
∂t
−∆
)
F ≤ − λ
2β
Λ +
(
A− α
2β
)
· trg Ric(h) + 1
2Λ
n∑
i=1
Rh(Ei, Ei, Ei, Ei)
≤ − λ
2β
Λ +
µ
2Λ
|h|2
≤ µβ − λ
2β
Λ
(4.7)
where we have used the fact that |h|2 ≤ Λ2.
Case (a): µβ > λ. Apply Corollary 3.1 again, we conclude that
Tmax ≥ 2β
µβ − λ
(
α
2β
+
1
n
)
.
Case (b): µβ ≤ λ. By Corollary 3.1, Tmax = +∞. If µβ < λ, then after
rescaling, g(t) will converge to a Ka¨hler-Einstein metric with negative scalar
curvature. 
Corollary 4.1. Let (M,h) be a compact Ka¨hler manifold. Suppose
αh(X, X¯) ·Ric(h)(X, X¯) + βRh(X,X,X,X) ≤ −λ|X|4
for some α, β > 0, µ ≥ 0 and λ ∈ R. Suppose{
µ1ω(h) ≥ Ric(h) ≥ −ν1ω(h), and ;
µ2 ≥ H(h) ≥ −ν2,
for some positive constants µ1, µ2, ν1, ν2.
(a) The canonical bundle of M is nef if one of the following is satisfied:
(i) (1− 1
n
)αµ1 ≤ (1 + 1n)λ; (ii) (1− 1n)βν2 ≤ 2λ; (iii) µ2β ≤ λ; or (iv)
αν1 ≤ 2λ.
(b) The canonical bundle of M is ample, M is projective, and M supports
a Ka¨hler-Einstein metric with negative scalar curvature if one of the
following is satisfied: (i) (1− 1
n
)αµ1 < (1 +
1
n
)λ; (ii) (1− 1
n
)βν2 < 2λ;
(iii) µ2β < λ; or (iv) αν1 < 2λ.
Proof. (i) and (iii) in (a), (b) are just results in Theorems 4.1, 4.2.
To prove (a)(ii), by the assumption,
αRic(h)(X,X) ≤ (−λ+ βν2)h(X,X).
Hence
(1− 1
n
)αRic(h)(X,X) ≤ (1 + 1
n
)λh(X,X).
By Theorem 4.1, the result follows.
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To prove (a)(iv), by the assumption, we have
βH(h)|X|4 ≤ (−λ+ αν1)|X|4 ≤ λ|X|4
because αµ1 ≤ 2λ. By Theorem 4.2, the result follows.
The proofs of (b)(ii) and (iv) are similar. 
We apply the above results to Ka¨hler manifold with Rick < 0. Suppose
(Mn, h) satisfies Rick(h) ≤ −(k + 1)σ for some σ > 0, then by Lemma 2.1 we
have
(k−1)h(X,X)·Ric(h)(X,X)+(n−k)Rh(X,X,X,X) ≤ −(n−1)(k+1)σh2h(X,X).
Hence we have the following:
Corollary 4.2. Suppose (Mn, h) is a compact Ka¨hler manifold with Rick(h) ≤
−(k + 1)σ for some σ > 0 and integer k with 1 < k < n. Suppose{
µ1ω(h) ≥ Ric(h) ≥ −ν1ω(h), and ;
µ2 ≥ H(h) ≥ −ν2,
for some positive constants µ1, µ2, ν1, ν2.
(a) The canonical bundle of M is nef if one of the following is satisfied:
(i) µ1 ≤ (n+ 1)(k + 1)σ
k − 1 ;
(ii) ν2 ≤ 2n(k + 1)σ
n− k ;
(iii) µ2 ≤ (n− 1)(k + 1)σ
n− k ;
(iv) ν1 ≤ 2(n− 1)(k + 1)σ
k − 1 .
(b) The canonical bundle of M is ample, M is projective, and M supports
a Ka¨hler-Einstein metric with negative scalar curvature if one of the
inequalities in (a) is a strict inequality.
5. Additional results
The results and the method can be carried over to some other cases. For
example, if we assume Ric⊥ ≤ µ instead of Ric ≤ µ we still have the following
similar results. Here
Ric⊥(X, X¯) = Ric(X, X¯)− 1|X|2R
h(X,X,X,X)
denotes the trace over the the orthogonal direction which was studied by Ni-
Zheng [16] in the positive case.
Theorem 5.1. Let (M,h) be a compact Ka¨hler manifold. Suppose{
αh(X, X¯) ·Ric(h)(X, X¯) + βRh(X,X,X,X) ≤ −λ|X|4;
Ric⊥(h) ≤ µ
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for some α, β > 0, µ ≥ 0 and λ ∈ R. If Tmax is the maximal existence time of
the Ka¨hler-Ricci flow g(t) with initial metric h, then
(a) If (n− 1)αβµ ≥ (2αn+ (n+ 1)β)λ, then
Tmax ≥ 2nβ(α+ β)
(n− 1)µαβ − (2αn+ (n + 1)β)λ
(
α
β
+
1
n
)
.
(b) If (n− 1)αβµ ≤ (2αn+ (n + 1)β)λ, then Tmax = +∞ and the canon-
ical bundle is nef. If in addition, (n − 1)αβµ < (2αn+ (n+ 1)β)λ,
then M is projective with ample canonical line bundle and g(t) will
converge to a Ka¨hler-Einstein metric with negative scalar curvature
after rescaling.
Proof. By (4.4), the test function F = logΛ− Aϕ˙ satisfies
(
∂
∂t
−∆
)
F ≤− λ
2β
Λ +
(
A− α
2β
)
· trg Ric(h) + 1
2Λ
n∑
i=1
Rh(Ei, Ei, Ei, Ei)
= − λ
2β
Λ +
(
A− α
2β
)
· trg Ric⊥(h)
+
(
A− α
2β
) n∑
i=1
Rh(Ei, Ei, Ei, Ei)
|Ei|2h
+
1
2Λ
n∑
i=1
Rh(Ei, Ei, Ei, Ei)
(5.1)
where {Ei}ni=1 is a unitary frame with respect to g(t) so that h is diagonal.
By assumption, we have αh(X, X¯)Ric⊥(h)(X, X¯)+(α+β)H(X) ≤ −λ|X|4.
Therefore, the last two terms can be estimated as follows. For A ≥ α
2β
, we
have (
A− α
2β
) n∑
i=1
Rh(Ei, Ei, Ei, Ei)
|Ei|2h
≤ 1
α + β
(
A− α
2β
) n∑
i=1
1
|Ei|2h
[−λ|Ei|4h − α|Ei|2hRic⊥(h)(Ei, E¯i)]
= − λ
α + β
(
A− α
2β
)
Λ− α
α + β
(
A− α
2β
)
trg Ric
⊥(h).
(5.2)
And similarly,
1
2Λ
n∑
i=1
Rh(Ei, Ei, Ei, Ei) ≤ − λ
2(α + β)Λ
|h|2 − α
2(α + β)Λ
〈h,Ric⊥(h)〉.(5.3)
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Therefore,(
∂
∂t
−∆
)
F ≤ − λ
2β
Λ− λ
α + β
(
A− α
2β
)
Λ− λ
2(α + β)Λ
|h|2
+
[
A− α
2β
− α
α + β
(
A− α
2β
)]
trg Ric
⊥(h)
− α
2(α + β)Λ
〈h,Ric⊥(h)〉.
(5.4)
Now we choose A = α
β
and hence,(
∂
∂t
−∆
)
F ≤ −(2α + β)λΛ
2β(α+ β)
− λ
2(α + β)Λ
|h|2
+
α
2(α + β)Λ
n∑
i=1
Ric⊥(h)(Ei, E¯i)(Λ− |Ei|2h)
≤ µαβ − (2α+ β)λ
2β(α+ β)
Λ− µα + λ
2(α + β)
|h|2
Λ
≤ (n− 1)µαβ − (2αn+ (n + 1)β)λ
2nβ(α+ β)
Λ.
(5.5)
Case (a): (n− 1)αβµ ≥ (2αn+ (n+ 1)β)λ. By Corollary 3.1, we have
Tmax ≥ 2nβ(α+ β)
(n− 1)µαβ − (2αn+ (n + 1)β)λ
(
α
β
+
1
n
)
.
Case (b): (n − 1)αβµ ≤ (2αn+ (n+ 1)β)λ. By Corollary 3.1 again, we
have
Tmax = +∞.
Moreover, if (n − 1)αβµ < (2αn+ (n+ 1)β)λ, then g(t) converges to the
Ka¨hler-Einstein metric with negative scalar curvature after rescaling. 
There are also results related to the curvature Ric+ considered in [18].
Ric+(X,X) = Ric(X,X) +
R(X,X,X,X)
|X|2 .
Corollary 5.1. Suppose (Mn, h) is a compact Ka¨hler manifold with Ric+(h) ≤
−λ for some λ > 0. If in addition the following holds.
(i) If its Ricci curvature satisfies Ric(h) ≤ µ for some µ ≥ 0 such that
µ <
n+ 1
n− 1λ
then M is projective with ample canonical line bundle and supports a
Ka¨hler-Einstein metric with negative scalar curvature.
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(ii) If its holomorphic sectional curvature satisfies H(h) ≤ µ for some
µ ≥ 0 such that µ < λ then M is projective with ample canonical
line bundle and supports a Ka¨hler-Einstein metric with negative scalar
curvature.
Proof. By assumption on Ric+, we have
h(X, X¯)Ric(h)(X, X¯) +Rh(X,X,X,X) ≤ −λ|X|4
for all X ∈ T 1,0M . The conclusion follows from Theorem 4.1 and 4.2. 
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